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AHHOTAIIUA

O6p8.30BaHI/Ie HEJMHENHBIX KOJIeOaHui BO3HUKAIOIHUX, B 30HC MMPBIKKOBOI'O COIPSKCHUA FJ'Iy6I/IH B HUJKHEM
Obedpe THIPOTEXHIMUSCKUX COOPYKEHHH NPUBOINT K OOpA30BaHMIO HENHHEHHBIX CTAIIMOHAPHBIX KOJICOAHHH.
9ToT PCKUM TCEUYCHUA BOABI COIPOBOKAACTCA BOJIHAMH C xapaKTepHoﬁ aMHJ‘IPITy,Z[Oﬁ u HHHHOﬁ, KOTOpBIC
SABJIAKOTCA OAHMMHU U3 ONPCACIIAIOIIUX MPH BbI60pe KOHCTPYKIIUM U paCHYCTaX ICOMCTPUYCCKUX MMapaMCTpPOB
TacHTENeH SHEPTHH B HIDKHEM Obe(e THIPOTCXHNIECKUX COOPYKEHHH.

CuctemMa HETMHEHWHBIX YpaBHEHHH, B KOTOPBIX SHEpPrHs BOJHOTO IOTOKA IUCCHUIIUPYET MpPU OONBIIMX
aMIUTUTYAaxX KoJieOaHUS BOJHOW MOBEPXHOCTU M TEHEPHUPYETCS MPH MalbIX 3HAYEHHUSAX aMIUIMTY] KoyiebaHus,
M03BOJISIET ONMUcaTh (PU3UUECKHUN TPOIECC, MPOTEKAIOIINIA B 30HE MPBDKKOBOTO compsbkeHust obedoB. Cucrema
OITNCBIBACT HpOTeKaIOH_II/Iﬁ nmpouecc MNpeaAcJIbHBIMHU MUKIaMH, KOTOPBIC KOJIEOJIIOTCS  OKOJIO HEKOTOpOro
COCTOSAHMSA, IPU KOTOPOM IPUTOK U AWCCHUIALNA DHEPIrUun C6aﬂaHCI/IpOBaHI:I. DTO COCTOsIHHE MPOTCKAIOUICTO
mpoliecca onpeessieT Han4re ou)ypKauil BEKTOPHBIX MMOJICH TEUESHHUS BOBI B THAPABINYECKOM MPBIKKE.

B xosnebarenbHOM cucTeMe HE3aTyXaromue KoJIeOaHus MNPAKTUYCCKU MOTYT CYHICCTBOBATH MNP HAJIUYHHU
HCKOTOPOTr0 MCTOYHUKA SHCPIHU, KOTOpBIﬁ KOMIICHCUPYET pacXxoJ SHEPruu, BO3HHUKIIHHI 3a CUET MNpUCYTCTBUA
JUCCHUIIATUBHBIX CHJI.

ABSTRACT

The formation of nonlinear oscillations arising in the zone of the jump coupling of depths in the downstream
of hydraulic structures leads to the formation of nonlinear stationary oscillations. This mode of water flow is
accompanied by waves with a characteristic amplitude and length, which are one of the determining factors in
choosing the design and calculating the geometric parameters of energy dampers in the downstream of hydraulic
structures.

A system of nonlinear equations in which the energy of the water flow dissipates at large amplitudes of the
water surface oscillation and is generated at small values of the oscillation amplitudes, allows us to describe the
physical process occurring in the zone of the jump coupling of the beefs. The system describes the ongoing process
by limiting cycles that fluctuate around a certain state in which the inflow and dissipation of energy are balanced.
This state of the process determines the presence of bifurcations of vector fields of water flow in a hydraulic jump.

In an oscillatory system, undamped oscillations can practically exist in the presence of some energy source
that compensates for the energy consumption caused by the presence of dissipative forces.

KiroueBble cioBa: FI/II[paBJ'II/I‘IeCKI/Iﬁ IPBDKOK, CTPYKTYypa BOAHOTO IIOTOKA, JAUCCUIIAUSA SHEPTUH,
6udypxanus, aBTokoIeOaTEIBHBIN IPOLIECC.

Keywords: hydraulic jump, water flow structure, energy dissipation, bifurcation, self-oscillating process.

BBenenmne. UVccnenoBanme ¢opM CBOOOJHOW  OT YCJIOBHH TeUeHUS BOJBI, (HOPMBI pyciia, YKIIOHA THA
MMOBEPXHOCTH TNPH HEPABHOMEPHOM [BWXKCHHH BOIBI  PyCiia, IICPOXOBATOCTH [JHA W CTEHOK pycCla,
MOKa3aJl0 HAJMYWE CIy4YaeB BHE3aITHOTO HM3MCHEHHS  COOTHOIICHUS TNIyOWH TMepel MNpPBDKKOM U IOCIe
nIyOWHBl BOJHOTO IIOTOKA 4Yepe3 «IphDKOK» [1].  mpbDKKa o0Opasyrorcs pa3IuyHbIe hopMeI
IIpeokok, mnpexacraBiseT coOOW 0coOyr ¢GopMy  THApaBIMYecKoro mpebkka. OOpazoBaHue (HOpPMEI
COTIPSDKEHUS IBYX COCTOSTHUM MOTOKA. B 3aBUCUMOCTH  THIIPABIUYECKOTO MPBIKKA, MAKPO M MUKPOIPOIIECCHI,
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MPOUCXOJSIINE B TPBDKKE, OMIPENENAIOT IOTEPH
sHeprur. OCHOBHOW TPUYMHON TOTEPh DHEPTUH B
NPBDKKE, SBIAETCS TYypOYJIEHTHOCTh, OOpa3oBaHUE
BUXPEBBIX M IIONEpeuHbIX TeueHuil. Ilpoucxoaut
paszesieHre pacxoja MOTOKA Ha J[BE YaCTH: MepBas —
COOTBETCTBYET OCHOBHOMY HAINpAaBJICHHIO MOTOKA M
BTOpasi - 00paTHOMY HaIpaBJICHUIO IBM)KCHHS BOJTHOTO
notoka. OOpaTHBII NMOTOK MOJAHUMAETCS BBEPX U
najaeT B OCHOBHOW IIOTOK, 00pa3ysi HEKOTOPBIH
KOJICOATENBHBIN TPOIIECC.

I[lpu oTOoM TmoOTepss SHepruu  OOBSICHSIETCS
MOJHSATHEM 3TOTO JIONOJHHUTEIBLHOTO Pacxona, TeM
caMbIM 00pa30BaBIIUICS BaJICLl SBISETCS HCTOYHHUKOM
MOTEPH YHEPTHH.

OpHO¥ W3 XapaKTEepHBIX 0COOEHHOCTEH pexmMa
TEYeHHWS BOJHOTO TIOTOKa B HIDKHEM Obede
THIPOTEXHUMYECKAX COOPYXCHHUH, HPH CONPSIKCHUU
6pe(oB B BU/E TMIPABINYECKOTO MPBIKKA, SBILIETCS
HaJIM4yue CTOAYMX BOJIH Ha IOBCPXHOCTU BOAHOTO
MOTOKAa. DTOT PEKHUM TEUCHHUSI BOJIBI COIPOBOXKIAETCS
BOJJHAMU C XapakTepHOU aMIUIUTYyIOM U JJIUHOM.
OOpazoBaHue W pa3BUTHE (HU3UKU IPOTEKAIOIIETO
mporiecca U TOCHeyIomas KOJUYeCTBEHHAs OLCHKa
IapaMeTpoB KOJICOATENBHOIO MpoLecca, OKa3bIBAIOT
CYIIECTBEHHOE BIIMSHME, KaKk Ha paboTy racurems
BOJHOM JHEpruu B HIDKHEM Obede, Tak M HA €ro
(racuTens) TeOMETPHUYECKUE Pa3MepBbI.

B ocHOBe MareMaTHYeCKOW MOAENM Tpolecca
00pa3oBaHMs CTAIMOHAPHBIX HEIMHEHHBIX KoJeOaHMi
B HIDKHEM Obede, HAXOIMTCS CHCTEMa YpPaBHECHHIA

TloRepXHOCTHEIH
BamIerl

Menkoit Bojbl B npuOmmkennn Cen-Benana. Cuctema
ypaBHEHUU Cen-Benana TpeacTaBieHa B
JUBEPTEHTHON (opMe, MO3BOISIONICH OXBAaTHTh TaK
Ha3bIBAEMBIC Pa3PbIBHBIC PEIICHNS.

Cucrema ypaBHenuii CeH-Benana sBmsercs
CIIEZICTBHEM peIIeHus ypaBHeHH# Peiinompiaca [2,3],
IIPU 3TOM CIVIa)KMBaHHE TYpOYJIEHTHBIX MYJIbCAIU
HOPMAaJIBHOTO YPOBHS, TO €CTh TeX IyJIbCallHi,
KOTOpBIE MOPOXKICHBI TPEHUEM Ha TPAHUIIE JKUIKOCTh
- OMBIBacMas TBepaas  IIOBEPXHOCTh, a He
TypOYJIEHTHBIX ITyJIbCAllMil BO3HHMKAIOMIMX B 30HAX
OTPBIBHBIX TEYEHUH, BO3MOXKHO IIPH OCpPEIHEHUU
ypaBuennit HaBre — CToKkca.

Hean HCCJIe0BAHMSA. ITocTpoenue
MaTeMaTHYECKOH MOJIEIU OINHUCKIBAIOIIEH
MIPOTEKAIOIINI KOJIeOATENFHBINA MPOIIECC B OTKPHITOM
BOJHOM TIOTOKE HIDKHETO Obeda THAPOTEXHUIECKOTO
COOPY)KEHHS.

B 30He ruapaBIMYecKkoro MpbbKKa, Kak U BO BCEX
JpYTUX CcIydasX OTPBIBHBIX TEUEHHH, obOpa3yercs
MaKkpoTypOyJIeHTHOCTb. DTa MaKpOTYpOYJIEHTHOCTb
UMEeT XapakTepHbI BpeMeHHo#l Macmrtad Tm
KOTOpBIIl ~ CYIIECTBEHHO  OOJblIe  BPEMEHHOTO
Macmrtaba Ty , oTBeHaromero oOBIYHOMY YpaBHEHHUIO
TypOyiaeHTHOCTH  ©€3  OTPBIBHBIX  TEUYEHHH C
3aBHCHUMBIMU oT BpEeMEHHU t (Tm>t>Th)
XapaKTEepPUCTUKAaMH IPBIKKOBOTO ITOTOKA.

Ha puc. 1 mnpuBemeHa pacueTHas cxema W
TIPUHSTHIE 0003HAYCHNS THAPABINIECKUX TTapaMETPOB
THJPABJIMYECKOTO MPBDKKA.

A e
—=
h —= h, | —_— Lo hy h, —= e h,
—== |%-— —
In
Puc. 1. Cxema eudpasnuueckoeo npwvidicka
Marepnan ¥u  MeTOABI  HCCJAEIOBAHMS.  NIPEIBAPUTEIBHO Ipou3Beas HEoOXoaAuMbIe
Hcnone3ys cucremy nuddepeHuanbHbIX ypaBHEHHH, — MOACTAaHOBKH, IOJMYYMM HEJMHEHHOE ypaBHEHHUE
ONHKCHIBAIOIINX HECTAI[MOHAPHBIA PEXHUM TEUeHHs  JIOKaJbHOI HecTannoHapHOCTH (1).
BOJIHOTO ITOTOKA, B 30HE NMPBIKKOBOTO COMPSIKEHUS U
2 2 2 2
1 0(v,-Q) g2 9% h%-h%
—- + — + =0
g ot g-h, g-h 2
ot G, — 0
rae hi, h2 — COOTBETCTBEHHO BeJIMYMHA MEPBO U PesyabTaTrel  nccaegoBanus.  PaccMoTpum

BTOPOM  CONpSDKEHHBIX — TiyOmH, (i, 02 —
COOTBETCTBEHHO BEJIMYMHBI YJIEIBHOTO pacxola B
30HaX IEPBOW M BTOPOH COMNpPSHKEHHBIX IIyOmH, Ve —
CKOpPOCTh IIEHTpa Macchl oObema, () — IUIOmAIb
0GOKOBOI TOBEPXHOCTH THAPABIMYECKOTO NPBIKKA IPH
AIMpoOKCUMAIIUM  TTPOJOJIBHOTO l'IpO(bI/UlH B BHJIC
KBaJpaTHIHON TTapaboIbL.

OCHOBHYIO cHcTeMy nuddepeHInaIbHBIX YpaBHCHUH
HECTAaMOHAPHOI0 PEKMUMA JIBXKEHUS! BOJHOTO IMOTOKA
B 30HE NPBDKKOBOTIO COMNPSDKEHUsI MPUBEACHHYIO B
[4,5] mpencTaBuB ee B Oe3pa3MEpHOM BHIE Pa3lCIIUB

g

Ha JAJIMHY npebkka | u
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- 2 =00,

1
rae g — yaensHsiid pacxom; hy u hy — cooTBeTcTBeHHO, TepBast U BTOpasi CONPSIKCHHbBIC TTyOHHBI; h 2 —
OCpEHCHHOE 3HAYCHHE BTOPOIi CONPSDKEHHOM TTyOHHBL, | — ATHHA THApaBInYecKOro IPbDKKA.

dh,

Berpasum: 9,=0q,— A -1 dt MOZICTABHM 3TO BBIp@XKE€HHME B ypaBHEHHE (1), pacKpbIB CKOOKH,

HOJIy4UM:

5 ,d( ]/| /(gh, _+/|/ )( j2+(h22;h12)=0(4)

3gh',

HIH

I°h, d_22h+qz I q/ dh, 4 +41%(g )( J g +(h22—h12):0
3gh', dt (gh, )t dt gh, 2

q|1 n (h22 _hlz)
gh, 2

1%h,
3gh’,

=0 (5

Pa3nenum nouseHHo ypaBHeHHe (5) Ha , IOJIY4MM:

d’h, 3gh, g° 4gh’, 3lg, dh, 4gh', 31° (dhzjz _3gh, q°  3gh (h,” -hf)_o
dt*  I*h, gh, 31°h, gh, dt 91°h, gh,\ dt ) 1°h, gh I°h, 2
©

[Mocne nmpoBeieHnst HEOOXOIMMBIX COKpAIIEHUH B ypaBHEHMH (6), MOITyIUM:

d*h, 3n, . 4n, dn, 4h, (dhzjz_Sh'z , 3gh, (h;—hf)_o

- +
dt? |2h22q1 |h22q1 dt 3h dt IzhzhlQl I’h, 2

)

3 _n
B ypasuenunu (7), h ko = , TOT/Ia MIOJIyYUM CJIeIyolee BhIpaKeHUe:

d’h,  3gh, ., _4q, dh, 4l [dhzjz_th'z L (dh] 39 | 5

— +_
d " 1%h? ° Ih, dt 3nZldt) I%hh " 3hZldt)  I%h,

ko +
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2
I12h, 2 )
[pu h2 = hlz +é/ , TIepeTnIIIeM BeIpakeHue (8).
Toraa nomyunm:
d’¢ _ 3gh% g @, 4 _(d_gj2_3g.h3kp s
dt? cY oY dt o) Lt 1% -h,
1>-h, 1+ 2| 1-h, {1+ 3h', {1+
h', h', h',
L3 -[h'22+2h|2{2+§2_h21J=0
|2 ~(1+é:
" ©
B ypaBHeHuu (9) npuMeM JUIMHY THIPABIMYECKOrO IPBDKKA paBHOM TpeM 3HaUEHHUSIM BTOPOI CONPSKEHHON
riryouHe I = 3h|2,T0rz(a:
d2§+ 3g-h’ - A% ag ;(d_gjz_w-hskp +
dt? ¢ 2 & 2 dt & 2 dt 9h'22-h1
oh%-h', |1+ 2| 3h% {1+ 2 3h',{ 1+ =2
h, h, h,
L %9 (h'22+2h'2-g;+ &2 -h4)
9h'2-(1+ CJ
h,
(10)

[
VYpasuenue (10) mpuBesieM k 6e3pasMepHOMY BUIY Pa3ieluB, MowieHHo Ha 119 n  |— , momydum:
g

d’¢  3g-he  4q dg | 4 _(d_gjz h%

dt? 2 2 dt 2 {dt) 3n,h
oh2ht, {145 | a1+ S a1+ e
h h ,

2 2

12 2 2
1 .(h22+h'2~§+%—%j:o
3h'22~(1+?]
2 an
N36aBuMCs OT parioHaIbHOCTH, POU3BES HEOOXOAUMBIE Pa3lIOKEHHUs, IMEEM:
4% h3 £ ) 4, c) ot ode he 1
>t | |1 + e b + 2. qr  ape tanz
dt>  3n%, 3h', ) 24h% | gpt2, 3h, ) 24h%; dt 3h%:h, 3h%

2 12 2 2 2
’ 1_£|+ é/|2 ’ h—2+h‘2-§+§——h21 + 4| ) 1_ é: + 4/'2 [d_é/j :O
h', 24h?, 2 2 3h, 3h,  24h'%, ) \ dt

(12)

PaCKpLIB CKO6KI/I, NOJIy4uM:
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d2§+ h3kp _é,'h3kp +§2'h3kp

I I S 'dg{

4_4§+§2J

dt* 3h%,  9h*, 72h°, 3h'%2 gh'%z 18h'%2 dt 3h', 9nh?; 18h*%;
dZ)" h%  h*% b, g% hh o feh b, 0 chh ZPh
150 ) Taren T ane Tane Tanr  mpz. 3 3 5+ 3 T 4
dt 3h'“2h,  6h2 3h“2 6h", 6h2 18h™: 9h*~,  18h", 18h": 12h'"»
3 R 4 2142
+§ hz+ & —§h1=0
6h,  12h*;  12h',
(13)
Hcxons u3 yciaoBuil He Bo3MyILEHUH B ypaBHeHUH (13) UCKITIOUNM UJIEHBI
h3w h?,
h*® h 2
33, . Dk T2 g
" 3n%h, B,

Pemenne momydeHHOTO ypaBHEHUS OyIEeM MPOBOIUTH METOIOM Mayoro nmapamerpa[6,7,8,9,10]. [Ipumem 3a

MaJbli IapaMerp f = F [4],rorna ypaBHenue (13) nepenuiiercs:
¢ o W s (W) e 9 ah¥ dC 5 ah, 00 7 b dC
a M e T 72 T T at " 18 dt
2 1 2 2 1 2 1 2 s 1 3 3 hzl 2 1 2 s 1 .5
+ Pyp— f— o« —_ f— [yp— f— [ype— + [P + «—_ + o« — +
WG e TH g e TH g T g M G T g
1 h? 1
+ R SL B 2+ Z.=0
K1 ¢ —u o ¢ +u 3 ¢

a4

[Mocne nmpoBeneHnst HEOOXOIUMBIX aNreOpandeckux npeodpa3oBannii B ypaBHeHHH (14), momydanm:

2 . ¥% 2 2
d_é,_luéél-h—kpd_é,_k ﬂ(d_é,j _quﬂé’(d_é,j +ﬂ2%§2_ﬂ2£+ﬂ%20

at? 3 dt Y3 e
HNJIn

d?¢  , 4¢ (dgjz , 5 . ¢
_ - — . _ — ._+__
a “ 9 lar) T¢ 36718

9

dt 18

3 dt M3

3 4h’? ’
% 4% dg .£+4.(d—§j =0 (15)

dt

VYpaBrenwue (15) onucrIBaeT cTallMOHAPHBIC HEJTMHEHHBIE KOJIeOaHMsI B HIDKHEM Obede.

BriBoabI
[NomyyeHHOE HETMHEWHOE YpaBHCHHE ONICHIBACT
MPOTEKAOIIUIA KOJIeOATSIFHBIN MPOIECC B OTKPHITOM
BOJIHOM IIOTOKE HIXKHETo Obeda rMIpOTEeXHUYECKOTO
COOPYXEHHS IS cliydasi CONpsbKeHus: 0be(oB B BHIIE
THIPABIMYECKOr0 TpBDKKA. [lomydeHHOe ypaBHEHHE
MO3BOJISIET  ONPEACIATH IapaMeTpbl HEeTMHEHHBIX
KosneOaHui (aMITUTYZa BOJHBI, 4acTOTa KojeOaHWH,
JUITMHA BOJIHBI) BO3HMKAIOIIMX B HIDKHEM Obede mpu
YCTaHOBHMBIIEMCS  pEXHME  TEUCHHS  IIOTOKA.
Pe3ynbraTel BBIMUCIEHHHA MO3BOJSAIOT OCYIECTBUTH
KOPPEKIMI0O TE€OMETPUUYECKHX pa3MEepoB Tracuteneit
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AHHOTAIUS
HCCHGI{OBaHH IMpOUECChI TeHHOOGMeHa npu IUIa3MEHHOH HAaIJIaBKE MeTajlla Ha IMMOBEPXHOCTH POJIMKOB.

JlaHbl peKOMEHJAIMY [0 YCTPAHEHHIO Ae(EKTOB.

Karouesbie ciioBa: [I1a3MeHHas HalIaBKa MeTalIa, POJIHK, TEI00OMEH

Ilma3meHHas HariaBka HCTIOJIBb3YCTCA IPU BOCCTAHOBJIICHUHN W3HOIICHHBIX z[eraneﬁ, a TaKXKE I M3rOTOBJICHUSA

HOBBIX.

5

1

Pucynox 1. Cxema ponuxa: 1 - bouka, 2, 3 - wetika (yanga), 4 — mpegpa, 5 — omeepcmue 013 6HympenHe2o
oxaaxscoenus ponuxa.

Ponuk Bpaiaercs ¢ yriioBoit CKOpocTbio @) .

B mabopartopHoii cucteMe KOOpAWHAT (HEMOJBIDKHOM OTHOCHTEIBHO BPAIAIONICHCS JETalli) TEIUIOOOMEH B

OCHOBHOM U HAIUJIABJICHHOM CJIOC OIMMIICTCS YPABHCHUEM

e (T)p.(T) Z—T — div[ A (T)gradT],i =1,2,7 >0
T

e,

TJie ¢ - yAenbHas MaccoBas TEIIOEMKOCTh; £ - IUIOTHOCTH; A - koddQHIIenT TeronposoaHocTn; T —

Temreparypa; T - BpeMsi.
VYpaHenue (1) 3anmcaHo Juist IByX 30H:

R, <r'<R

0<¢'<27;,0<2'<2L. @)

R <r,'<R,
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rae I, @', 2" - rekymue koopausatsl, 2L — qmHa geranm.

HauanbHbie YyCJI0BUS MPCACTABIICHBI B BUJIC:

Ti(r',¢',zl,0):TH1i :1,2’

3)
e T, - TeMIepaTypa 3arpy3Kku JIETall B yCTaHOBKY.
I'paHUYHbIE YCIIOBHS:
oT(r' 0’0,z o L T(rhe\0,z, T
200 L (r,010,0) —T o [ 20Ty Toyiq g
& 100 100" (4
1=12
oT,(r',e'"2L,7) D T 2Lty T
A (T ! + T (r', ,2|_, ~T.1+ A ASEED o Rt I A A =0
@ TEC2LD ol ) Tl (2 2ty (o

3
=12

OT(R,.p',2',7)
or

| (TR 27 ‘ (To j4 i
PR 0| 1=0,i=12:(2 0" ed:;
O'd( 100 ] 100 (z',9) e

T, (Ry, ¢ 2", 7)
or

4(M) +a, (MM (R, 9,2 7) T, 1+

(©)

—A4(T) +a, (TN (R, 4',2',7) -To(0)] =0, (z'.¢) €e,

)

rae O — Kod(hQUUUEHT TEIoOTIAa4yu; lo — TEMIeparypa OKpYXKaIoIIero BO3/yXa; O - IPUBEICHHBII
KO3 PHUIUESHT UIITYIEHUS; (n - TUIOTHOCTH TEILUIOBOTO IMOTOKA B ISTHE IUIa3MBl; a,B — TIOBEPXHOCTH TOPIEB; d —
Hapy)XHas LWIMHAPHUYECKass IIOBEPXHOCTb, 3a MCKIIOYEHHEM IUIA3MEHHOIO TMSATHA; € — BHYTPEHHAA
UJIMHAPHYECKasi TOBEPXHOCTD; f — MOBEPXHOCTH MJIa3MEHHOTO MSITHA.

B mpomecce HamiaBKM BHYTPEHHMH KaHAJl 3arepMETH3MPOBaH, MO3TOMY Temreparypa T, B HeM Oynmer
MOBBIIIATHCS. B COOTBETCTBUU C YPABHEHUEM:

e, XD ([ (IR, 0, ,0) T (s,
T ®)

rae V3 — 00BeM BO3yXa B KaHaJIC, V3 = ﬂ'ROZ 2L

TermooTnaua Ha TOPIEBIX TOBEPXHOCTSIX OMUCHIBACTCS ypaBHEHHEM mo100wms [2]:

Nu = 0,503 Ray/ (Pr)

]0,25

. (9)

rae NU — uucno Hyccensra; Ra — xpurepnit Penes; PI — xpurepuit Ipanars.
BespasmepHbIe KOMILIEKCH, BXOsIHE B (9), ONpenenstoTcsl U3 COOTHOIICHHH:

3

Nu =0{x//13;Ra=GrPr=g,BATX—;Pr=V3/a3,
V38, (10)

rae X — pacCTOsSHHE OT HIKHEH KpPOMKU JO paccMaTpUBaeMON TOYKU; 23 - KO3 UIMEHT
TEIIONPOBOAHOCTH BO3AyXa; ( — yckopeHHme cBOOOAHOrO mafeHms; /3 - TemmepaTypHbIi KodhduueHt
o6wemuoro pacmmpenus; AT - pasHOCTH MexTy TeMIepaTypoii MOBEPXHOCTH U TEMIEpaTypoil OKpysKaromei

cpesl, JUIst MTOBEPXHOCTH (a): AT = [Ti (r’, (/)', 0,7 ) _To :I , ISt MOBEPXHOCTH (b):
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AT = [TI (I", oL, Z’)—TOJ; V- KuHeMaTHyeckuii kodpduumenT Bsskocth; 8, - kodQdUUMEHT Temmepa-

TYPOIIPOBOIHOCTH BO3/yXa.
OyHKIMA Y ( PI’) HUMEET BUJL:

v (Pr)= 1+(°’F‘>‘r92j

ITpeneOperast BIMSHMEM OTPaKAAIOIINX KOHCTPYKIWH, NMPHUBEACHHBIM KOS(PQUIMEHT H3IIydeHHsS MOXHO
OIPEIEIUTH U3 COOTHOIIICHHUS:

0,=0,=0,=

£Co 11)

rac 8i - CTCIICHb YCPHOTHI IOBECPXHOCTH; CO - KOS(i)(l)I/IL[I/ICHT H3JIy4YCHUA a0COIIFOTHO HYCPHOI'O TCJIA.

TennooTaua Ha BHEIIHEH IUIMHAPUYECKOH HOBEPXHOCTH OMUIIETCS H3BECTHBIM YPAaBHEHHEM MOA00HS:
Nu = AGr®* a2z

rae Nu =2a,R, / A, - uncno Hyccenbra; A - kosddpuumenr,

mpn  0,7-10°<Gr<0,7-10° A=0,46;

mpu 0,7-10° <Gr<0,7-10° A=0,695

PasnocTh TeMmeparyp, Bxomsmas B kpurepuii ['pacroda (10), onpenenutcst 13 BRIpasKeHIS:

AT =[R2 0) =T, ]

Tpu Gr >0,7-10° ypasrenne (11) npeacraButhes B Bue:
Nu = 0,133Gr**®

Jist onpeneneHus K03 ULHEHTa TEIUIO0TAAYH Ha BHYTPEHHEH NOBEPXHOCTH BOCHIONIB3yeMcs ypaBHeHHeM [1]:

8 -% %
2 B 2
NU. = 1+(ﬂ) 2R, J{RaE(ZRO/L)f(Pr)} L Ra.f(Pr)
4472 L 570 8000

,(13)
(2R,)°

rie NU, =R,/ A, - uncno Hyccenvra; Ra, = g SAT - Kputepuii Penes.
V3
®ynkiws f(Pr) Haitneres u3 cootrowenus [2,3]:

£ (Pr)= 1+(%)

r
.(14)

Oynxipro O MOXKHO HAlTH U3 BhIpakeHwst [2]:
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2

o| Ra, = |={1+ — 221

" 2R [Ra,(L/2R,)* "

(15)

Jlnst pacuera o (13)-(15) mosxuo npunsite Pr=0,7 .
[110THOCTH TEIIOBOTO MOTOKA B IISITHE IUIa3Mbl ONIPEAEINTCS U3 COOTHOILLIEHUS, HaaeHHoro I'. A. Ilo3neeBbim:

_ +1,22 0,16 —0,06,-0,07
qn - 23’ 4J Gn.ft Gmp h , (16)

rae | — BenmdmMHA dIeKTprueckoro Toka ayru; G, — pacxon miasmoo6pasyromero rasa; h — gucraHms

HAIUTaBKH (PacCTOSHUE OT cpe3a COoIuia A0 MOBEPXHOCTH AeTanu); G, — pacxol] TPaHCIIOPTUPYIOIIETO Tasa.
3aKOH JBIKEHHS LICHTPA IUIA3MEHHOTO IISTHA:

L L .
Z' . =—+(=-y)singr;
=3 (2 y)singr

¢.=0r,7>0 a7

rae Z',, @', - KOOp/MHATEI LICHTPA IS THA.

VYpasuenus (1)-(17) npencrapisiror co00i MaTeMaTHYECKYIO MOJICbh TEIIOOOMEHA MPH IIa3MEHHOW HaIlIaBKe
MeTaJUTa Ha TOBEPXHOCTH POJIHKA.

PaccMmoTpuM KadecTBEHHBIE ITOKA3aTENN MOTYISHHOTO HAIUIABJICHHOTO METAlIA IS Pa3IMYHBIX TEMIIePaTyp
HArpeBa paciiaBa U IPOJ0JLKUTEILHOCTH BBIIEPKKH, BRIpaskeHHOM uepes | .

0 .
Ipu Hartasinennn ocHoBsl B pacmumase ¢ 1, =1520..1560°C ormeuaercs HeBbicOKHH YpOBeHSH

IUTACTHYCCKUX XApPAKTEPUCTHK IUIAKHPOBAHHOTO MeTamia (pucyHok 2). B MakpocTpykType o00pasiios
HaOJoaeTcss OTCIOCHNE MeTallla MOKPBITHS, 0COOCHHO XapaKTEpPHOE JUIS 3arOTOBOK, MOJYYEHHBIX B paMKax
HepBOﬁ CTaluM orepanry HallJlaBKH.

B cTpykType OCHOBHOrO MeTajula B 30HE TEPMHYECKOTO BIMSHHS OTMEUEHO O00e3yriiepoKHBaHHE
MPUTPAaHUYHBIX YYaCTKOB COEIWHEHUsS B CHily Mu(Qy3MOHHON aKTUBHOCTH yriepoja. B 30He TepMHUecKoro
BIIMSIHUSL CO CTOPOHBI ITOKPBITHS 3apErHCTPUPOBAHA KPYITHO3EPHHUCTast CTPYKTypa ayCTEHHUTA, IOJIyYeHHas B
pe3yJbTaTte KPaTKOBPEMEHHOCTH MPOIECCa HAIIABKH.

[Mpaktryecku Jist BceX 00pa3ioB PErHCTPUPYIOTCS TPEIMHBI B IPUTPAHUYHBIX 00JIACTSAX TIEPEXOTHOTO CIIOST
CO CTOPOHBI OCHOBBI, YTO 00BSICHSIETCS] aKTUBHOM Auddy3ueil yriaepoaa B CTOPOHY 00pa30BaBIIErocsi CBAPHOTO
COe/IMHEHUsI, 00pa30BaHUEM MHOMKECTBA KAapOW/HBIX y4YaCTKOB B 30HE TEPMHYECKOTO BIHSHUS CO CTOPOHBI
ocHOBbI. KapOu/IHbIe BKIFOUSHHUS, KAK KOHICHTPATOPbI HAMPSDKEHUH, MPEAONPEIEIISIOT CKIOHHOCTh METAlIa CO
CTOPOHBI OCHOBBI K XpYIKOMY pa3pylIeHUIO B 30HE TEPMUUECKOTO BIUSHUS, U CIOCOOCTBYIOT Pa3BUTHUIO TAKOTO
nedekra onepanyy HaIUIaBKH, KaK «pacciiony.
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Pucynok 2: 1 - TP =1540 C, 2-

J171st 3aroTOBOK, NMOJYYEHHBIX KaK Ha IEPBOMH, TaKk
M Ha BTOPOHM CTaAMM HAIUTaBKH, XapaKTEpHO MOJHOE,
00  YacTUYHOE  OTCIOCHHWE  TOKPBITHA  HpH
UCIIBITAaHMUAX MeTala Ha M3rnd. B MakpocTpykrype
HAaIlIaBJIEHHOTO CJIOSI 3arOTOBOK, ITOJIyYEHHBIX NpH
HaHECEHUH Ha OCHOBY paciuiaBa c

T, =1520..1560 °C maGmomarorcs TPEIIUHEI [0
KPOMKAaM TIOKDHITHS, YTO YyKa3bIBAET HA MOTEPIO

METAJUIOM  BBICOKOTO  yPOBHS  IUIACTHYHOCTH,
XapaKTEepHOTO Ul  KOPPO3MOHHOCTOMKHX  Mapok
cTajH, B pe3ynbTarte HEONTHMaJIbHBIX

TerIo(U3MYECKUX YCIOBUI BEJCHUs mpoliecca. ITOT
ekt 0coOEHHO XapakTepeH sl MEepBOM CTaguu
HaIlJIaBKH.

[MpeanoxkeHo ToOCHe 3aBeplleHMs] Ipolecca
HaIUTABKU POJIUK IIOJBEPTHYTH TEPMOCTATHPOBAHUIO
JUTsl BBIDAaBHUBAHUS TEMIICPATYPHBIX TOJIEH 110 00BbeMy
Y CHIDKEHHUS] TEPMUUECKHUX HaIlPSDKEHUH.
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AHHOTALUS

B cratee paccmaTpuBaeTcs ~MaTeMaTHuUecKas MOJENb  YIpPaBICHHUS MpPOIecCOM  IepepaboTKu
CKOpPONOPTAILErocsl MPOIyKTa — caxapHOW CBeKJIbl. Pellaercss Bompoc O CMEUIMBAHMM HECKOJbKUX MapTHil BO
BpEMs 06pa6OTKI/I IJI4 JOCTHMIKCHHUS HAWBBICHIETO BbIXOJa KOHEYHOTO IMPOAYKTA. B crarbe II0Ka3aHO, 4YTO
CTpaTerud CMCIIUBAaHUA B J'I}06I>IX MponopuuAX HU MPU KaAKUX O6CTO${TCHBCTB3X HEC YBCJIMYUT ONTHUMAJIbLHYIO
neneByo (QyHKIWIO, TOMydYeHHYH Oe3 CMeMMBaHWs pa3MuYHbIX mnapTuidl. OJHAKO, TEOPETUYECKH, JaxKe
CMCIIaHHas CTPATErusl MOXET MPETCHAOBATHL HA POJIb KBa3WOIITUMAJILHOM. B cTaTbe MPEAJIOKCHBI OLICHKU MMOTCPU
ueneBoﬁ (I)YHKLII/II/I JUIA paBHOBeCHOﬁ CTpAaTeruu, KOTOpas MoJaIy4acTCs, €CJIN CBEKJIA U3 BCEX HapTI/II\/'I II04acTCsA Ha

BXOJ Ka)K,I[bIﬁ Ppa3 B paBHbIX OOJIAX.

ABSTRACT

The article considers a mathematical model for control the processing of a perishable product — sugar beet.
The issue of mixing several batches during processing is being resolved to achieve the highest yield of the final
product. The article shows that the mixing strategy in any proportions will under no circumstances increase the
optimal target function obtained without mixing different batches. However, theoretically, even a mixed strategy
can claim to be quasi-optimal. The article offers estimates of the loss of the objective function for the parity
strategy, which is obtained if beets from all batches are fed to the input each time in equal parts.

KiroueBble cjioBa: MaTeMaTHdeckass MOJENb, MepepaboTka caxapHOW CBEKJIBI, BEHTEPCKHUI aJIrOpUTM,
KBa3suoONTUMAJIbHAA CTPATCTHA, PABHOBCCHAA CTPATET U

Key words: mathematical model, sugar beet processing, Hungarian algorithm, quasi-optimal strategy, parity
strategy

Introduction

The task of constructing an optimal schedule for
the processing of different batches of beets, depending
on their production value, was considered in a number
of works by the authors [1-3]. However, when solving
this problem, it should be taken into account that often
One of the main problems that are solved in the
organization of technological processes is the task of
constructing an optimal schedule for the processing of
various batches of raw materials. This task is most
relevant for industrial enterprises of the agricultural
sector. Here, the raw material is agricultural products,

which are harvested in a limited period of maturation,
and then stored for a relatively long time to ensure the
smooth functioning of processing enterprises. Different
batches of raw materials have different initial
production value and different rate of its decline during
storage, which also depends on storage conditions. The
use of the best processing sequence for different
batches of raw materials sometimes makes it possible
to achieve a significant increase in the yield of the
finished product under the same production and storage
conditions. In particular, the task of optimizing the
processing schedule arises in sugar production [4],
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where sugar beet is the raw material. The beets
harvested after ripening are stored in the heap fields
until processing, and different varieties of beets have
different sugar content and reduce it at different rates
during storage. The works of many researchers are
devoted to preserving the sugar content of beets and
preventing its wilting, for example, [5-11]. In order to
eliminate the negative consequences of storage
(freezing, rotting, etc.), producers intentionally mix

when preparing raw materials for the current moment
of processing. They mix lower-quality raw materials
with higher-quality ones. The purpose of this work is to
study the effect of mixing different beet varieties on
sugar yield from the point of view of increasing the
introduced sucrose and determining the optimal
processing strategy to maximize the yield of the
finished product taking into account this effect and to
obtain an estimate of losses for the parity strategy

different varieties of beets in different proportions

Materials and methods. mathematical formalization of the problem
Let sugar beet of n varieties, numbered from 1 to n, be harvested for further processing. The quantity (mass)
M of beets of each variety is the same and is processed during one production cycle lasting a fixed period of time
(one day). Accordingly, n processing periods are necessary to process the entire beet, individual batches of raw
materials must be stored for a certain number of periods before being processed. We introduce the following

notation: a; is the sugar content (percentage of sugar content) of the ith beet variety, I =1, n, bij is the

reduction coefficient of sugar content of the i-th beet variety as a result of storage for the j-th period of time,
0 <b-- <1. The sugar content of the ith beet variety changes as follows: a-bilis after the first period,

a b|1b|2 blk _1 Is by the beginning of the kth processing period (unless, of coursg, it is processed before this

moment). Denote pij as sugar content of the ith beet variety by the beginning of the jth processing period, then
Pu =23 P, =30, .. P =ab,...0

dimensionN x N: P = (pij ) The output of the finished product (sugar) at each processing period, other things

ing | =1,N. The elements Pj; form a square matrix of

being equal, is the greater, the greater the sugar content of the substance processed at this stage.
Let a batch of raw materials for the jth processing period be prepared as follows: all beet varieties are mixed

in unequal proportions so that the total mass is M, the proportion of first grade beets is X; i the share of second

grade beets is ij ,..., share of ith grade is Xij ,..., share of ith grade is an ,...,. Obviously, these shares must

satisfy the following conditions
0< X; < 1 @
_— n
1n; Z =1, j=14n.

The product yield for the entire processing time is proportional to

n
2 Py X
N

M:

S=)

Il
—

The optimization problem consists in choosing the shares Xij , satisfying the conditions (1), (2) under which
the objective function (3) takes the maximum value S . The stated problem is a special case of the classical linear
programming problem, which can be solved by the simplex algorithm, which has proven itself in economic
applications.

Mixing strategies

2
It is clear that there is a bijection between R" with coordinates

(Xll’X12’ Xln’x21’x22’ X2n’X31""’Xnn—1’

Matrices satisfying conditions (1), (2) are called bistochastic [12]. Matrices, satisfying conditions (2) and next
conditions:

points in a space

Xnn)and square matrices X of order NXN,
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Xj=0orx, =1 i=1n-1 j=1ln-1e
are called permutation matrices. The strategy corresponding to the bistochastic matrix is called "mixed". The
following Birkhoff theorem is valid.

2
Birkhoff theorem. The set (1), (2) is a polyhedron in Rn , Whose vertex coordinates are permutation
matrixes [12].
It follows from this theorem and linear programming theory that the largest (and smallest) value of the
objective function (3) can always be achieved on a permutation matrix. Thus, the maximum possible result can
always be achieved without mixing different batches for simultaneous processing in one production period.If

variables Xij satisfying the conditions (2) and (4) are considered as a solution, this problem is one of the variants

of the well-known “assignment problem” [13-17].
The assignment problem is a fundamental problem of combinatorial optimization. In 1955, H. Kuhn

developed the “Hungarian algorithm” [13, 14, 18] with polynomial complexity O(n4) to solve it. Subsequently,

its modification was proposed, which has polynomial complexity O(n3) [19]. The Hungarian algorithm can find

both the maximum and minimum value of the objective function, as well as the corresponding choice of matrix
rows, that is, the extreme processing schedule.

Nevertheless, it is very difficult to use the Hungarian algorithm in practice, since it is necessary to know a
priori all the degradation coefficients of the batches at all stages, even if the batches have already been processed
by this stage. Therefore, the question arises: is there a certain strategy for processing batches that would be quasi-
optimal and easy to apply [2, 3]. In particular, the strategy can be "mixed".

Parity schedule
3.1 Losses of parity schedule under extreme distribution of initial sugar content
Next, we consider some special cases of mixing. Suppose that the following “parity” schedule is used during

processing: at each stage, all batches are processed in equal shares (the total mass is 1), that is, elements Xij =—

n
, = l, , )= 1, N . In addition, we impose conditions on the degradation coefficients:
b, =be(0,1),i=Ln j=Ln-1¢
We will denote the schedule losses by value 1 = TO x100% , where S, So are the values of the

objective functions of the optimal schedule and the parity schedule, respectively. Let us estimate the maximum
possible losses of the parity schedule with respect to the optimal one, assuming that they are applied to a certain

1

set of batches with the same parameters. Let M1 be an even number, we denote: An =— (al +...+4a, )
n

then a, is represented as &, = A + O, , where |O, [£&, &> 0 is some constant and the equality

n
> 0; = 0 is fulfilled. The objective function is
i-1

S=Yab™ =Y (A +5)b"

Below we present such ; , so that this objective function would be maximum. The objective function of the
parity schedule is equal to

A b =A, 1=b"
i-1 1-b

M=

S, =
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n .
-1
Exploring the difference between of this objective functions we get S - So = Z5ib' , taking into
i=1

n
account equality Y. J; = 0 and inequalities | O; |< & . The task is transformed to the following: Find max
i-1

n . n
%é}b'_l, under conditions Zi@ =0 and | &, [< €. Solving it, we get, that first /2 variables O, = &,
1= 1=

=1 n/2 , other n/2 variables 5, =—¢&, 1 = n/2 +1,N. Then

~ N2 o, e(l-b"?)?
S-S, =Y - Y= — 2
0 é i:r%ﬂ 1—b

For a given O, if we will accept N=50, £=0.1, A=02 b=095, losses are equal
S-S, 10443
S 1.0443+3.6924

Having presented the solution of the problem in a similar way, we note that, in fact, instead of 50 different
parties, there are only two of them in this solution. It turned out 2 sets of 25 batches with initial sugar content

A1 + & and A1 — & . Note that the more &, the more [{.

~22%.

Y7,

However, it is easy to see that the functions S, So are continuous and even uniformly continuous with

respect to their parameters; therefore, by slightly varying the initial sugar content within the tolerance, 50 different
batches can be obtained with a losses of at least 20 percent.

1.2Losses of parity schedule with uniform distribution of initial sugar content

Consider another example, here the initial sugar content of the batches is “evenly distributed” on the allowable

interval, that is, it is an arithmetic progression located in the allowable interval [0.15,0.25]: a = 0.25,
a,=q + h, k = ﬂ a, = 0.15, Aa =0.1, thatis, the difference between close parameters a,
a-a, 01

n-1 n-1
a, = A, +0.5Aa — (k —1)h. The Equalities (5) hold. In this case, according to the rearrangement
inequality [20], the optimal objective function is equal to

A =02, a =a, —(k-1h, k:ﬁ, that is

is equal to h=

S=Yab™ =3 (A +05aa—(i—D)h)b"*
i=1 i=1 .

According to (8) the difference between of this objective functions:

S-s, =o.5-Aaébi1 - hé(i “b

@
n
. . . . _ _ 0 i 1-12
We will use information from mathematical analysis. Notice, that f(Z) =>7 = 1 . ts
i=1 —Z

derivative is

xS i d(1-2") —nz"(1-2)+(1-2")
Pa=20-02" = |1, )7 (1-2)? |

Therefore expression (6) will be rewritten as
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hb

—nb"™(L-b)+(1-b") _

§—SO=05Aa1_b =
1-b
_05M =P __Mb
1-b  (1-h)’

(1-b)*
(N =Db" —nb"™* +12).

If we will accept N =50, £ =0.1, A:=0.2, b=0.95, the losses of the parity schedule will be

S-S,

0.2685

~6.78%.

S 3.6924+0.2685

2.Conclusion

With the same degradation coefficient, the parity
schedule gives a greater deviation from the optimal
target function, the greater the dispersion of the initial
sugar content. An attempt is made to use the parity
strategy as a quasi-optimal plan. It is clear that with a
small variance of the initial sugar content, due to the
uniform continuity of the objective function with
respect to it’s the parity strategy, it will be quasi-
optimal. With a large dispersion of parameter a, the use
of parity strategy is not desirable.
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