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AHHOTALUS

B cratee paccmaTpuBaeTcs MaTeMaTHuUecKas MOJENb YIpPaBICHHUA MpoOIeccoM IepepaboTKu
CKOpONOPTAILErocsl MPOJyKTa — caxapHOW CBeKJbl. Pemraercss BOIPOC O CMEIIMBAHUM HECKOJIbKUX MapTHH BO
BpEMs 06pa6OTKI/I IJI4 JOCTHMIKCHHUS HAWBBICHIETO BbIXOJa KOHEYHOTO IMPOAYKTA. B crarbe II0Ka3aHO, 4YTO
CTpaTerud CMCIIUBAaHUA B J'I}06I>IX MponopuuAX HU MPU KaAKUX O6CTO${TCHBCTB3X HEC YBCJIMYUT ONTHUMAJIbLHYIO
neneByo (QyHKIWIO, TOMyYeHHYI Oe3 CMeNMBaHWs pa3nuYHbIX mnapTtuidl. OJHAKO, TEOPETUYECKH, JaxKe
CMCIIaHHas CTPATErusl MOXET MPETCHAOBATHL HA POJIb KBa3WOIITUMAJILHOM. B cTaTbe MPEAJIOKCHBI OLICHKU MMOTCPU
ueneBoﬁ (I)YHKLII/II/I JUIA paBHOBeCHOfI CTpAaTeruu, KOTOpAs MOJIy4acTCs, €CJIN CBEKJIa U3 BCCX HapTI/Iﬁ noaacTCsa Ha

BXOJ Ka)K,I[bIﬁ Ppa3 B paBHbIX OOJIAX.

ABSTRACT

The article considers a mathematical model for control the processing of a perishable product — sugar beet.
The issue of mixing several batches during processing is being resolved to achieve the highest yield of the final
product. The article shows that the mixing strategy in any proportions will under no circumstances increase the
optimal target function obtained without mixing different batches. However, theoretically, even a mixed strategy
can claim to be quasi-optimal. The article offers estimates of the loss of the objective function for the parity
strategy, which is obtained if beets from all batches are fed to the input each time in equal parts.

KiroueBble cjioBa: MaTeMaTHdeckass MOJENb, MepepaboTKa caxapHOW CBEKJIBI, BEHTEPCKHUN aJrOpUTM,
KBa3suoONTUMAJIbHAA CTPATCTHA, PABHOBCCHAA CTPATET U

Key words: mathematical model, sugar beet processing, Hungarian algorithm, quasi-optimal strategy, parity
strategy

Introduction

The task of constructing an optimal schedule for
the processing of different batches of beets, depending
on their production value, was considered in a number
of works by the authors [1-3]. However, when solving
this problem, it should be taken into account that often
One of the main problems that are solved in the
organization of technological processes is the task of
constructing an optimal schedule for the processing of
various batches of raw materials. This task is most
relevant for industrial enterprises of the agricultural
sector. Here, the raw material is agricultural products,

which are harvested in a limited period of maturation,
and then stored for a relatively long time to ensure the
smooth functioning of processing enterprises. Different
batches of raw materials have different initial
production value and different rate of its decline during
storage, which also depends on storage conditions. The
use of the best processing sequence for different
batches of raw materials sometimes makes it possible
to achieve a significant increase in the yield of the
finished product under the same production and storage
conditions. In particular, the task of optimizing the
processing schedule arises in sugar production [4],
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where sugar beet is the raw material. The beets
harvested after ripening are stored in the heap fields
until processing, and different varieties of beets have
different sugar content and reduce it at different rates
during storage. The works of many researchers are
devoted to preserving the sugar content of beets and
preventing its wilting, for example, [5-11]. In order to
eliminate the negative consequences of storage
(freezing, rotting, etc.), producers intentionally mix

when preparing raw materials for the current moment
of processing. They mix lower-quality raw materials
with higher-quality ones. The purpose of this work is to
study the effect of mixing different beet varieties on
sugar yield from the point of view of increasing the
introduced sucrose and determining the optimal
processing strategy to maximize the yield of the
finished product taking into account this effect and to
obtain an estimate of losses for the parity strategy

different varieties of beets in different proportions

Materials and methods. mathematical formalization of the problem
Let sugar beet of n varieties, numbered from 1 to n, be harvested for further processing. The quantity (mass)
M of beets of each variety is the same and is processed during one production cycle lasting a fixed period of time
(one day). Accordingly, n processing periods are necessary to process the entire beet, individual batches of raw
materials must be stored for a certain number of periods before being processed. We introduce the following

notation: a; is the sugar content (percentage of sugar content) of the ith beet variety, I =1, n, bij is the

reduction coefficient of sugar content of the i-th beet variety as a result of storage for the j-th period of time,
0 <b-- <1. The sugar content of the ith beet variety changes as follows: a-bilis after the first period,

a b|1b|2 blk _1 Is by the beginning of the kth processing period (unless, of course, it is processed before this

moment). Denote pij as sugar content of the ith beet variety by the beginning of the jth processing period, then
Pu =23 P, =30, .. Py =ab,...0

dimensionN x N: P = (pij ) The output of the finished product (sugar) at each processing period, other things

ing | =1,N. The elements Pj; form a square matrix of

being equal, is the greater, the greater the sugar content of the substance processed at this stage.
Let a batch of raw materials for the jth processing period be prepared as follows: all beet varieties are mixed

in unequal proportions so that the total mass is M, the proportion of first grade beets is X; i the share of second

grade beets is ij ,..., share of ith grade is Xij ,..., share of ith grade is an ,...,. Obviously, these shares must

satisfy the following conditions
0< X; < 1 @
_— n
1n; Z =1, j=14n.

The product yield for the entire processing time is proportional to

n
2 Py X
N

M:

S=)

Il
—

The optimization problem consists in choosing the shares Xij , satisfying the conditions (1), (2) under which
the objective function (3) takes the maximum value S . The stated problem is a special case of the classical linear
programming problem, which can be solved by the simplex algorithm, which has proven itself in economic
applications.

Mixing strategies

2
It is clear that there is between Rn with coordinates

(Xll’X12’ Xln’x2l’x22’ X2n’X31"“’X

Matrices satisfying conditions (1), (2) are called bistochastic [12]. Matrices, satisfying conditions (2) and next
conditions:

a bijection points in a space

nn_1,Xnn)and square matrices X of order NXN.
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Xj=0orx, =1 i=1n-1 j=1ln-1e
are called permutation matrices. The strategy corresponding to the bistochastic matrix is called "mixed". The
following Birkhoff theorem is valid.

2
Birkhoff theorem. The set (1), (2) is a polyhedron in Rn , Whose vertex coordinates are permutation
matrixes [12].
It follows from this theorem and linear programming theory that the largest (and smallest) value of the
objective function (3) can always be achieved on a permutation matrix. Thus, the maximum possible result can
always be achieved without mixing different batches for simultaneous processing in one production period.If

variables Xij satisfying the conditions (2) and (4) are considered as a solution, this problem is one of the variants

of the well-known “assignment problem” [13-17].
The assignment problem is a fundamental problem of combinatorial optimization. In 1955, H. Kuhn

developed the “Hungarian algorithm” [13, 14, 18] with polynomial complexity O(n4) to solve it. Subsequently,

its modification was proposed, which has polynomial complexity O(n3) [19]. The Hungarian algorithm can find

both the maximum and minimum value of the objective function, as well as the corresponding choice of matrix
rows, that is, the extreme processing schedule.

Nevertheless, it is very difficult to use the Hungarian algorithm in practice, since it is necessary to know a
priori all the degradation coefficients of the batches at all stages, even if the batches have already been processed
by this stage. Therefore, the question arises: is there a certain strategy for processing batches that would be quasi-
optimal and easy to apply [2, 3]. In particular, the strategy can be "mixed".

Parity schedule
3.1 Losses of parity schedule under extreme distribution of initial sugar content
Next, we consider some special cases of mixing. Suppose that the following “parity” schedule is used during

processing: at each stage, all batches are processed in equal shares (the total mass is 1), that is, elements Xij =—

n
, = l, , )= 1, N . In addition, we impose conditions on the degradation coefficients:
b, =be(01),i=Ln j=Ln-1¢
We will denote the schedule losses by value 1 = TO x100% , where S, So are the values of the

objective functions of the optimal schedule and the parity schedule, respectively. Let us estimate the maximum
possible losses of the parity schedule with respect to the optimal one, assuming that they are applied to a certain

set of batches with the same parameters. Let M be an even number, we denote: An =— (al +...+4a, )
n
then a, is represented as @, = A, + O, , where |J, [£&, &> 0 is some constant and the equality

n
> 0; = 0 is fulfilled. The objective function is
i-1

S=Yab™ =Y (A +5)b"

Below we present such &;, so that this objective function would be maximum. The objective function of the
parity schedule is equal to

A b =A, 1=b"
1 1-b

M=

S, =
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n .
-1
Exploring the difference between of this objective functions we get S — So = Z5ib' , taking into
i=1

n
account equality Y. J; = 0 and inequalities | O; |< & . The task is transformed to the following: Find max
i-1

n . n
%é}b'_l, under conditions Zi@ =0 and | &, [< €. Solving it, we get, that first /2 variables O, = &,
1= 1=

=1 n/2 , other n/2 variables 5, =—¢&, 1 = n/2 +1,N. Then

~ N2 o, e(l-b"?)?
S-S, =Y - Y= 2
0 Zi i:r%ﬂ 1—b

For a given O, if we will accept N=50, £=0.1, A=02 b=095, losses are equal
S-S, 10443
S 1.0443+3.6924

Having presented the solution of the problem in a similar way, we note that, in fact, instead of 50 different
parties, there are only two of them in this solution. It turned out 2 sets of 25 batches with initial sugar content

A1 + & and A1 — & . Note that the more &, the more [{.

=~ 22%.

Y7,

However, it is easy to see that the functions S, So are continuous and even uniformly continuous with

respect to their parameters; therefore, by slightly varying the initial sugar content within the tolerance, 50 different
batches can be obtained with a losses of at least 20 percent.

1.2Losses of parity schedule with uniform distribution of initial sugar content

Consider another example, here the initial sugar content of the batches is “evenly distributed” on the allowable

interval, that is, it is an arithmetic progression located in the allowable interval [0.15,0.25]: a = 0.25,
a,=q + h, k = ﬂ a, = 0.15, Aa =0.1, thatis, the difference between close parameters a,
a—-a, 01

n-1 n-1
a, = A, +0.5Aa — (k —1)h. The Equalities (5) hold. In this case, according to the rearrangement
inequality [20], the optimal objective function is equal to

A =02, a =a, —(k-1h, k:ﬁ, that is

is equal to h=

S=Yab™ =3 (A +05aa—(i—Dh)b"*
i=1 i=1 .

According to (8) the difference between of this objective functions:

S-s, :O.S-Aa-éb” - hé(i “Dbi.

@
n
. . . . _ _ 0 i 1-12
We will use information from mathematical analysis. Notice, that f(Z) =>7 = 1 . ts
i=1 —Z

derivative is

gy i i d(1-2") —nz"(1-2)+(1-2")
P@=20-02" = |17 )7 (1-2)? |

Therefore expression (6) will be rewritten as
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hb

—nb"™*(L-b)+(1-b") _

§—SO=05Aa1_b =
1-b
_05pa =P __Mb
1-b  (1-h)’

(1-b)*
(N =Db" —nb"™* +12).

If we will accept N =50, £ =0.1, A:=0.2, b=0.95, the losses of the parity schedule will be

S-S,

0.2685

~6.78%.

S 3.6924+0.2685

2.Conclusion

With the same degradation coefficient, the parity
schedule gives a greater deviation from the optimal
target function, the greater the dispersion of the initial
sugar content. An attempt is made to use the parity
strategy as a quasi-optimal plan. It is clear that with a
small variance of the initial sugar content, due to the
uniform continuity of the objective function with
respect to it’s the parity strategy, it will be quasi-
optimal. With a large dispersion of parameter a, the use
of parity strategy is not desirable.
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